Stability analysis and control of multiple converter based autonomous microgrid by Majumder, Ritwik et al.
  
 
 
 
Majumder, Ritwik and Ghosh, Arindam and Ledwich, Gerard and Zare, Firuz (2009) 
Stability analysis and control of multiple converter based autonomous microgrid. In: 7th 
IEEE International Conference on Control and Automation (ICCA'09), December 9‐11, 
2009, New Zealand, Christchurch. (In Press) 
 
          © Copyright 2009 IEEE 
©2009 IEEE. Personal use of this material is permitted. However, permission 
to reprint/republish this material for advertising or promotional purposes or 
for creating new collective works for resale or redistribution to servers or 
lists, or to reuse any copyrighted component of this work in other works must 
be obtained from the IEEE. 
Stability Analysis and Control of Multiple 
Converter Based Autonomous Microgrid 
 
Ritwik Majumder, Student Member, IEEE, Arindam Ghosh, Fellow, IEEE, 
Gerard Ledwich, Senior Member, IEEE and Firuz Zare, Senior Member, IEEE 
 
ABSTRACT: In this paper, the stability of an autonomous mi-
crogrid with multiple distributed generators (DG) is studied 
through eigenvalue analysis. It is assumed that all the DGs are 
connected through Voltage Source Converter (VSC) and all con-
nected loads are passive. The VSCs are controlled by state feed-
back controller to achieve desired voltage and current outputs 
that are decided by a droop controller. The state space models of 
each of the converters with its associated feedback are derived. 
These are then connected with the state space models of the 
droop, network and loads to form a homogeneous model, through 
which the eigenvalues are evaluated. The system stability is then 
investigated as a function of the droop controller real and reac-
tive power coefficients. These observations are then verified 
through simulation studies using PSCAD/EMTDC. It will be 
shown that the simulation results closely agree with stability be-
havior predicted by the eigenvalue analysis. 
 Index Terms: Autonomous Microgrid, Stability, Sensitivity 
Analysis, Active and Reactive Power sharing. 
 
I. INTRODUCTION 
 
N AN AUTONOMOUS microgrid, all the DGs are respon-
sible for maintaining the system voltage and frequency 
while sharing the power and reactive power. The most com-
mon method of load sharing is the use of droop characteristics, 
so that the parallel converters can be controlled locally to de-
liver desired real and reactive power to the system. The real 
and reactive power sharing can be achieved by controlling two 
independent quantities – frequency and fundamental voltage 
magnitude [1, 2]. The system stability during load sharing has 
been explored in [3-6]. Transient stability of power system 
with high penetration level of power electronics interfaced 
(converter connected) distributed generation is explored in [7]. 
The robust stability of a voltage and current control solution 
for a stand-alone distributed generation (DG) unit is analyzed 
in [3] using structured singular values. This results in a dis-
crete-time sliding mode current controller. In [5], small-signal 
stability analysis of the combined droop and average power 
method for load sharing control of multiple distributed genera-
tion systems (DGs) in a stand-alone ac supply mode is dis-
cussed. The small-signal model is developed and its accuracy 
is verified from simulations of the original nonlinear model. 
Modeling and analysis of autonomous operation of converter-
based microgrid is presented in [6], in which the converters 
are controlled based on voltage and frequency droop. Each 
sub-module of the system is modeled in state-space form and 
all the modules are then combined together on a common refe- 
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rence frame. As the angle of output voltage can be changed 
instantaneously in a voltage source converter (VSC), control-
ling the angle to control the real power is always beneficial for 
quick attainment of steady state.  
In this paper, for the eigenvalue analysis, the VSC of each 
DG with its state feedback and droop controllers are modeled 
in the state space domain. Each DG is referred to a common 
reference frame. The network and loads are also modeled sep-
arately. The models of the DGs, loads and network are con-
nected together to get complete generalized model of an auto-
nomous microgrid. A detail eigenvalue analysis is carried out 
to identify the trajectory of the eigenvalues with respect to the 
droop control parameters. Also the effect of droop control 
parameters on system stability is investigated when system 
configuration changes. A sensitivity analysis is also performed 
to detect the modes participation to state variables. The eigen-
value analysis results are verified through simulation studies 
using PSCAD/EMTDC. 
 
II. SYSTEM CONVERTER STRUCTURE AND CONTROL 
 
All the DGs are assumed to be an ideal dc voltage source 
supplying a voltage of Vdc to the VSC. The structure of the 
VSC is shown in Fig. 1. The VSC contains three H-bridges 
that are supplied from the common dc bus. The outputs of the 
H-bridges are connected to three single-phase transformers 
that are connected in wye for required isolation and voltage 
boosting [8]. The resistance RT represents the switching and 
transformer losses, while the inductance LT represents the lea-
kage reactance of the transformers. The filter capacitor Cf is 
connected to the output of the transformers to bypass switch-
ing harmonics, while Lf represents the output inductance of the 
DG source. 
 
Fig. 1. Converter structure. 
 
I 
The equivalent circuit of one phase of the converter is shown 
in Fig. 2. In this, u⋅Vdc represents the converter output voltage, 
where u is the switching function and is given by u = ± 1. The 
main aim of the converter control is to generate u. From the 
circuit of Fig. 2, the following state vector is chosen 
[ ]cfcfT viix 2=                   (1) 
where converter output voltage is the same as the voltage 
across the filter capacitor vcf. Then the state space description 
of the system can be given as 
cBuAxx +=&                     (2) 
The control law is given by 
[ ]refc xxKu −−=                   (3) 
where K is a gain matrix and xref is the reference vector. The 
gain matrix, in this paper, is obtained through linear quadratic 
regulator (LQR) design. From uc, the switching function is 
generated as 
1 then  elseif
1 then  If
−=−<
+=>
uhu
uhu
c
c                (4) 
where h is a small number. 
The above control action results in perfect tracking when 
the error is within limit [9]. For the model derivation of the 
next section, the switching action is neglected. Since the track-
ing is perfect, in the limit, u can be represented by uc. 
 
Fig. 2. Single-phase equivalent circuit of VSC. 
 
III. DROOP CONTROL AND DG REFERENCE GENERATION 
 
The control strategy, discussed in this section, is applied to 
all the DGs. It is assumed total power demand in the microgrid 
can be supplied by the DGs and no load shedding is required. 
The output voltages of the converters are controlled to share 
this load proportional to the rating of the DGs. As an output 
inductance is connected to each of the VSCs, the real and 
reactive power injection from the DG source to the microgrid 
can be controlled by changing voltage magnitude and its angle 
[1-4]. 
 
A. Droop Control 
 
In this paper, we use an angle droop based on the active 
power and a voltage magnitude droop based on reactive pow-
er. These are given by  
( )
( )ratedrated
ratedrated
QQnVV
PPm
−×−=
−×−= δδ
               (5) 
where Vrated and δrated are the rated voltage magnitude and an-
gle respectively of the DG, when it is supplying the load to its 
rated power levels of Prated and Qrated. The coefficients m and n 
respectively indicate the voltage angle drop vis-à-vis the real 
power output and the magnitude drop vis-à-vis the reactive 
power output. Let us assume that there are a total number of Z 
DGs in the system and their droop coefficients are denoted by 
m1, …, mZ and n1, …, nZ. Then the power sharing between the 
DGs can be given as 
DratedZrated
DratedZrated
QnQn
PmPm
×==×
×==×
L
L
11
11             (6) 
B. DG Reference Generation 
 
It is evident from (3) that the reference for all the elements 
of the states, given in (1), is required for state feedback. Since 
V and δ are obtained from the droop equation (5), the refer-
ence for the capacitor voltage and current are given by 
( )δω += tVvcfref cos                  (7) 
( )δωω += tCVi fcfref sin                (8) 
The magnitude and angle of the phasor current reference for i2 
can be calculated as 
( )PQI
V
QP
I ref
cf
ref /tanand
1
2
22
2
−−=∠+= δ  
Hence the instantaneous current reference can be given as 
( )refrefref ItIi 222 cos ∠+= ω               (9) 
 
IV. STATE SPACE MODEL OF AUTONOMOUS MICROGRID 
 
A. Converter Model 
 
From equivalent circuit shown in Fig. 2, the state space eq-
uation, for each of the three phases, is derived. These are then 
transformed into an equivalent d-q domain. Defining a state 
vector as 
T
cfqcfdqdqdi vviiiix ][ 2211=         (10) 
the state equation in the d-q frame is given by 
tdqcdqiii vBuBxAx 21 ++=&              (11) 
From (3), ucdq can be expressed as 
( )
cfrefdqcfrefdq
refdqcfdqdqdqcdq
vkik
ikvkikkiku
32
21321212
−−
−−−+−=
     (12) 
The above equation can be written in matrix form as 
refdqiii
cq
cd yHxG
u
u +=⎥⎦
⎤⎢⎣
⎡
              (13) 
Substituting (13) into (11) and linearizing we get 
tdqrefdqCONViCONVi vByBxAx Δ+Δ+Δ=Δ 2&        (14) 
where , ACONV = Ai + B1Gi and BCONV = BiHi. 
The current references can be expressed in terms of the vol-
tage reference as 
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Combining (15) and (16), the reference vector can be given in 
terms of the voltage reference as 
tdqcfrefdqrefdq vMvMy Δ+Δ=Δ 21            (17) 
We now Combine (14) and (17) to get the converter model as 
tdqBUScfrefdqTiCONVi vBvBxAx Δ+Δ+Δ=Δ&        (18) 
where BT = BCONVM1 and BBUS = BCONV (M2 + B2). 
 
B. Droop Controller 
 
The output voltage of the converter is equal to voltage 
across the capacitor Cf. The measured instantaneous real Pe 
and reactive power Qe are passed through two lowpass filters 
to obtain the average values of P and Q respectively as 
( )
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where ωc is cut-off frequency of the filter. Linearizing equa-
tion (22) we get, 
⎥⎦
⎤⎢⎣
⎡
Δ
Δ+⎥⎦
⎤⎢⎣
⎡
Δ
Δ⎥⎦
⎤⎢⎣
⎡
−
−=⎥⎦
⎤⎢⎣
⎡
Δ
Δ
dq
cfdq
P
C
C
i
v
B
Q
P
Q
P
20
0
ω
ω
&
&
       (20) 
If we choose the voltage reference voltage as 
0  and  == cfrefqcfrefcfrefd vVv             (21) 
then we can write the voltage droop equation as 
( )ratedratedcfrefcfrefd QQnVVv −−==          (22) 
Linearizing and combining (5) and (22), we get the droop con-
troller model as 
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C. Combined Converter-Droop Control Model 
 
Let us now substitute ΔVcfrefdq from (23) in the converter 
model of (18). This gives 
tdqBUSGiCONVi vBQ
P
BxAx Δ+⎥⎦
⎤⎢⎣
⎡
Δ
Δ+Δ=Δ&          (24) 
Combining the converter and droop controller state vectors 
together an extended state vector is formed as 
[ ]TcfqcfdqdqdCONV vviiiiQPx 2211=       (25) 
The combined state equation is then written as 
tdqcCONVcCONV vBxAx Δ+Δ=Δ&            (26) 
D. Transformation to Common Reference Frame 
 
Since all the converters are modeled individually with their 
own d-q axis reference, they need to be transformed into 
common reference D-Q frame. The small signal output current 
of the converter in D-Q frame is 
δΔ+Δ=Δ CdqSDQ TiTi 22               (27) 
Similarly the input to the converter from the network, the net-
work voltage can be expressed in as, 
δΔ+Δ=Δ −− 11 VtDQStdq TvTV             (28) 
Substituting equation (28) in (26) we get 
δΔ+Δ+Δ=Δ 1PtDQLCONVcCONV BvBxAx&        (29) 
where BL = BC TS−1 and BP1 = BC TV−1 
It is to be noted that Δδ in equation (29) can be expressed as 
the droop controller output equation in terms of ΔP. It is as-
sumed that the change in angle in the converters is instantane-
ous such that the converter produces the demanded angle (δref). 
Then state equation (29) can be written as 
tDQLCONVLCONV vBxAx Δ+Δ=Δ&            (30) 
where [ ]781 ×Ο−= PcL BmAA . 
Similarly (27) is expressed as 
CONVPDQ XCi Δ=Δ 2                (31) 
If the microgrid has Z number of DGs, then their state space 
and output equations being given by (30-31) as 
Zi
XCi
vBxAx
CONViPiDQi
tDQiLiCONViLiCONVi ,,1,
2
K
& =
⎭⎬
⎫
Δ=Δ
Δ+Δ=Δ
     (32) 
Then the combined state space equation including all the con-
verters in the system is written as 
ZZZ
tZZZZZ
xCi
vBxAx
Δ=Δ
Δ+Δ=Δ
2
&
              (33) 
where AZ, BZ and CZ are block diagonal matrices and the input, 
output and state vectors contain the corresponding vectors of 
all the VSCs. 
 
E. Network and Load Modeling 
 
The network and the loads are modeled where we have as-
sumed that there are L number of loads, N number of network 
nodes and LN number of lines. The state space equation of the 
ith load connected at jth node is given by 
tDQiLoadiLoadDQiLoadiLoadDQi vBiAi Δ+Δ=Δ&        (34) 
Combining the total of L number of loads together, we get 
tLoadLoadLoadLoadLoad vBiAi Δ+Δ=Δ&          (35) 
where ALoad and BLoad are block diagonal matrices. 
In a similar way the state space equation for the network is 
written as 
tLNLNLNDQLNLN vBiAi Δ+Δ=Δ&            (36) 
where ALN and BLN are block diagonal matrices  containing the 
individual state matrices for the ith line connected between jth 
and kth node. The matrix BNi contains elements only pertaining 
to nodes j and k. 
 
F. Complete Microgrid Model 
 
Once the converters, network and loads are modeled, they 
are combined to get the complete model of the microgrid. Be-
tween each network node and ground a virtual resistance (rN) 
of large magnitude (≥ 1000 Ω) is chosen to ensure a well de-
fined node voltage [6]. Suppose node i contains both a conver-
ter and a load. Then the node voltage can be written in terms 
of the three currents, e.g., converter output currents, load cur-
rents and line currents in the network as ( )LineDQiLoadDQiDQiNtDQi iiirv Δ+Δ−Δ=Δ 2        (37) 
Therefore the node voltage equation for the complete microgr-
id can be written as 
( )LineNETLoadLOADZCONVNtM iMiMiMRv Δ+Δ+Δ=Δ 2   (38) 
where, the matrix RN is defined as the 2N×2N matrix with di-
agonal elements equal to rN. The MCONV is a 2N×2Z matrix. Let 
us assume that the ith inverter is connected with the jth node. 
Then the (j,i) element of the matrix is 1, all other element in 
the row is 0. Similarly MNET is 2N×2LN matrix, whose (j,i) 
element will be + 1 or − 1, depending on whether the current 
entering or leaving the node, if the ith line is connected to the 
jth node. MLOAD is the 2N×2L matrix with an entry of − 1 for 
the nodes where the loads are connected. 
It is to be noted that in (33), the state space equation for 
DGs, is derived for the network nodes where the DGs are con-
nected. Similarly the state space equation for load and lines 
are derived for the point of load and line connection in the 
network. To derive a general equation for the DGs taking all 
the network nodes into account, (33) can be written as 
ZZZ
tMZZZZ
xCi
vBxAx
Δ=Δ
Δ+Δ=Δ
2
1&              (39) 
where vtM represents the complete network voltage vector, 
considering all the network nodes. BZ1 can be derived from BZ 
where the diagonal terms are zero if no DG is connected to 
that node and BLi for the ith node if a DG is connected to that 
node.  
Similarly the load and line equations (37) and (38) can be 
represented in terms of all the network nodes as 
tMLoadLoadLoadLoad vBiAi Δ+Δ=Δ 1&           (40) 
tMLNLNDQLNLN vBiAi Δ+Δ=Δ 1&               (41) 
The total microgrid model is then derived by combining equa-
tion (38-41) 
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The state matrix of the whole microgrid AMG is used for eigen-
value analysis. 
 
V. EIGENVALUE ANALYSIS OF MICROGRID 
 
The structure of the study system is shown in Fig. 3. The 
real and reactive powers supplied by the DGs are denoted by 
Pi, Qi,  i = 1, …, 3. The real and reactive power demand from 
the loads are denoted by PLi, QLi, i = 1, …, 3. The load and line 
impedances are also shown in the figure. For the system 
shown in Fig. 3, Z = 3. The matrix AMG is then derived for 
eigenvalue analysis. 
 
Fig. 3. Microgrid system under consideration. 
 
The parameters chosen for the system shown in Fig. 3 are 
listed in Table-I. With these values, the system is assumed to 
be operating in the nominal operating condition. The eigenva-
lues of the system for this nominal operating condition are 
shown in Fig. 4. It can be seen that the eigenvalues, based on 
their damping (real component), are placed on four different 
clusters. It will be shown that the dominant eigenvalues of 
cluster 1 are sensitive to the changes in the droop controller 
parameters. The eigenvalues of clusters 2, 3 and 4 are sensi-
tive to the other parameters, like filter, state feedback control-
ler, load etc., and their effects are not investigated here. 
Table-II lists the modes of the dominant eigenvalues and 
their participation factor on the real and reactive power state 
variable of the three DGs. In this table, mode Q-1-2 indicates 
that this mode is sensitive to the reactive powers of DG-1 and 
DG-2. In a similar way, all the other modes are defined. For 
example, PQ-1-2-3 is sensitive to real and reactive power of 
all three DGs. This strong real and reactive coupling is due to 
highly resistive lines in the network. It can also be seen that 
the modes P-1-2 and P-1-3 are not very sensitive. However the 
DG real powers have some influence on them. 
 
 
TABLE-I: NOMINAL SYSTEM PARAMETERS 
System Quantities Values 
Systems frequency 50 Hz 
Source voltage (Vs) 11 kV rms (L-L) 
Line impedance Line-1: RLine1=3.83Ω, LLine1 =0.0053 H (R/X>2) 
Line-2: RLine2=5.83Ω, LLine2 =0.0308 H (R/X<1) 
Load 
 
RLOAD1 = 420.0 Ω, LLOAD1 = 0.5 mH 
RLOAD2 = 333.0 Ω, LLOAD2 = 0.5 mH 
RLOAD3 = 420.0 Ω, LLOAD3 = 0.5 mH 
DGs and Controller 
DC voltage (Vdc1, Vdc2, Vdc3) 
Transformer rating 
VSC losses (Rf) 
Filter capacitance (Cf) 
Filter Inductances (Lf) 
 
3.5 kV 
 
3 kV/11 kV, 0.5 MVA, 2.5% reactance 
(Lf) 
1.5 Ω 
185 μF 
20 mh 
State Feedback Control-
ler (K) 
 
[1.6963  0.3449  1.6959] 
Droop Coefficients 
m1 = m2 = m3 = m 
n1 = n2 = n3 = n 
 
4.18×10−5 rad/W 
2.272×10−4 V/Var 
Low pass Filter cut-off ωC 31.4 rad/sec 
 
TABLE-II: MODE PARTICIPATION FACTORS. 
Dominant Modes 
Mode Q-1-2 Mode Q-1-2-3 Mode PQ-1-2-3 
State Participation State Participation State Participation 
P1 0.0008 P1 0.0006 P1 0.1689 
Q1 0.4600 Q1 0.2216 Q1 0.1600 
P2 0.0010 P2 0.0003 P2 0.1683 
Q2 0.5385 Q2 0.1366 Q2 0.164 
P3 0.0000 P3 0.0000 P3 0.1679 
Q3 0.0035 Q3 0.6428 Q3 0.1804 
Not Dominant Modes 
Mode P-1-2 Mode P-1-3 
P1 0.1929 P1 0.1199 
Q1 0.0005 Q1 0.0005 
P2 0.2357 P3 0.2291 
Q2 0.0007 Q3 0.0005 
 
Fig. 4. Eigenvalues for nominal operating condition. 
 
Fig. 5 shows the locus of the dominant eigenvalues as the 
droop controller real power coefficient m changes. It can be 
seen that for a very high value of m (6.18×10−5), a complex 
conjugate pair the eigenvalues almost reaches the imaginary 
axis indicating a low system stability. For m = 8.18×10−5, the 
above pair crosses the imaginary axis and three more eigenva-
lues reach the imaginary axis. This behavior indicates an unst-
able operation. 
Fig. 6 shows the locus of the dominant eigenvalues as the 
droop controller reactive power coefficient n changes. This 
coefficient also has significant effect on system stability. It 
can be seen that a complex conjugate pair of eigenvalues 
reaches the imaginary axis for n = 2.5×10−3.  
 
Fig. 5. Eigenvalue locus with real power droop gain change. 
 
Fig. 6. Eigenvalue locus with reactive power droop gain change. 
 
It is to be mentioned here that the gains of the state feed-
back controllers have no adverse effects on the system stabili-
ty. The controllers are designed using LQR, which is very 
robust. This has been observed by changing the cost function 
in the LQR design and the results are not shown here. 
 
VI. SIMULATION STUDIES 
 
Simulation studies are carried out in PSCAD/EMTDC (ver-
sion 4.2). Different configurations of load and its sharing are 
considered. The DGs are considered as inertia less dc source 
supplied through a VSC. The system data used for eigenvalue 
analysis (Table-I) are also used here. It is to be noted that R/L 
value of Line-1 in Fig. 3 is very high. Hence there is a strong 
real and reactive power coupling present in the system. The 
power sharing accuracy will improve further with inductive 
line where the real and reactive power coupling is much 
weaker. The nominal values of the droop controller parameter 
are chosen such that there is 3% voltage drop with the maxi-
mum reactive power output. 
It is assumed that all the DGs and loads are connected in the 
system shown in Fig. 3. The nominal values of controller pa-
rameters, given in Table-1, are considered here. With the sys-
tem operating in the steady state, load 1 is increased by 0.45 
MW at 0.1 s. The results are shown in Fig. 7. The system takes 
around 5-6 cycles to reach steady state. 
 
Fig. 7. Real and reactive power during a change in load 1. 
 
From Fig. 5, it can be seen that the system becomes unsta-
ble when m = 8.18×10−5 rad/W. With the system operating in 
the steady state with the nominal value of m, it is suddenly 
changed to 8.18×10−5 at 0.05 s. The unstable system response 
is shown in Fig. 8. 
 
Fig. 8. Unstable operation with m = 8.18×10−5 rad/W. 
 
Similarly for n = 2.5×10−3, the dominant eigenvalues are 
oscillatory. This can be observed from Fig. 9, where n is 
changed to this value from the nominal value at 0.1 s. From 
the results of Figs. 8 and 9 we can conclude that the PSCAD 
simulation results conform to the stability prediction obtained 
through the eigenvalue analysis. 
 
Fig. 9. Marginally stable operation with n = 2.5×10−3 V/VAr. 
 
VII. CONCLUSIONS 
 
In this paper, a linearized state space model of an autonom-
ous microgrid supplied by all converter based DGs and con-
nected to number of passive loads is formed. The proposed 
generalized model is valid even when the network is complex 
containing any number of DGs and loads. The model is uti-
lized for eigenvalue analysis around a nominal operating 
point. A sensitivity analysis is carried out to indicate the ei-
genvalue participation on the state variables. It has been 
shown that real power modes get affected with the real power 
droop coefficients, while the reactive power modes are sensi-
tive to reactive power droop coefficients. Extensive simulation 
studies are carried out to validate the results of the eigenvalue 
analysis. It has been shown that both the results agree with 
each other. 
Finally, with proposed control method, proper load sharing 
is possible without any drop in the system frequency and the 
control is based on local measurements only. The designed 
state feedback and droop controllers show satisfactory perfor-
mance for the cases for which the eigenvalue analysis predicts 
stable operation. 
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